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1. The Cucconi test for the location-scale problem

Let X; and X, be the random variables underlying two populations with cdfs F; and F,.
The general system of hypotheses of interest in comparing them is Ho: {Fi(S)=F2(S)
Vse]-wo,+00[} vs Hj:{3FAc]-00,+o0[: Fi(S)#F2(S), se A with Pr(A)>0}. We address the
location-scale problem which corresponds to take F,(s)=G[(s— g, )/ o,] and
F,(s)=Gl(s— u,)/o,], where G(.) is the cdf of a continuous variable with location 0

and scale 1, g and 1 (07 and o) are the locations (scales) of population 1 and 2,

respectively. Let observations X,..., X,, and X,,,.., X,, be random samples from

population 1 and 2 respectively.
For the location-scale problem, Odoardo Cucconi (1968) proposed a rank test which
is not very well-known in the literature. The test is based on
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where U = (63" W2 —b)/c, Vv =(63" (n+1-W, ) ~b)/Vc, b=n (n+1)2n+1),
c=nn,(n+1)2n+1)8n+11)/5, n=n;+n,, Wi denotes the rank of X;; in the combined
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the squared counter-ranks of the first sample. Under H,, E(U)=E(V)=0 and
VAR(U)=VAR(V)=1. Of course U and V are negative dependent. More precisely,
CORR(U,V)=COVAR(U,V)=p and takes values in [-1,-7/8[. It may be shown that under
Ho (U,V) is centered on (0,0) but not under H,;. Standard asymptotics show that if

n;,—o0 and N;/N—>de]0,1[ then Pr(U<u)—®d(u), where @ is the standard normal cdf
(the same applies for V), moreover
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sample and p = —1. Note that U is based on the squared ranks while V on

Pr(U <

2 2 0
u+v _2pOUdeudV: IIf(U,V)dUdV,

U | Pt e

where py=-7/8. The points (U,V) that speak in favor of Hy are close to (0,0) and satisfy
f(u,v)>h, where the constant h is chosen so that the type-one error rate is «. Let

1
h=a(27z1/1—p§> then Hy should be accepted if the point (u,v) is such that



(u2 +Vvi =2 pouv)/ (2(1 - i >)< —Ina . The test is unbiased and consistent (Cucconi

1968).

The test is of interest since, contrary to the other location-scale tests, is not a
quadratic form of a test on location and one on scale, but it is directly devised for jointly
detecting location and scale shifts. Note that the Lepage (1971) L test is the sum of the
squares of the standardized Wilcoxon and Ansari-Bradley statistics.

2. Power of the Cucconi test and other results

The power of the Cucconi C test has been evaluated in detail for the first time and
compared to that of the much more known and used L test by simulations. We consider
the following distributions: standard normal, double exponential, Student’s with 2 df;
Cauchy, a 10% and a 30% outlier, a bimodal distribution with light tails. We considered
(n1,Mm)=(10,10), (10,30) and (30,30). The power has been estimated through 10,000
simulations. Only results under normal and Cauchy with n;=n,=30 are reported.

Table 1: % power estimates with a=5%, under normal and Cauchy, (ns,n2)=(30,30)

Normal
Hi-10 0 053 053 053 0.53 0 025 0.50 0.75
oi/o» 1 1 1.5 2 3 163 1.63 1.63 1.63
L 496 38,5 71.6 919 99.7 40.5 502 756 943
C 488 383 749 951 999 483 56.7 79.5 953
Cauchy
Hi-10 0 1 1 1 1 0 06 12 18
oi/op 1 1 1.5 2 3 215 215 215 2.15
L 468 43.0 629 80.6 947 39.1 62.6 90.1 983
C 479 425 62.0 79.8 942 374 614 89.7 982

The tests are conservative but the C test with a higher degree and it performs better than
the L test under light-tailed distributions, while the L test performs slightly better under
heavy-tailed ones. Therefore we suggest the C test as a good alternative to the L test
when addressing location-scale problems within the rank framework.

Actual applications and the multivariate C test, developed via the nonparametric
combination framework (Pesarin, 2001), are not included for lack of space.
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